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(N ; Abstract 

We propose the notion of the oscillator on Kahler space and consider its super- 
symmetrization in the presence of a constant magnetic field. 

^ ■ Supersymmetric mechanics attracts permanent interest since its introduction [1]. How- 

ever, studies focussed mainly on the mechanics with standard Af = 2 supersymmetries 
(see for the review [2] and refs therein). The systems with Af = 4 supersymmetries also 
CN ' received much attention: the most general Af = A,D = 1,3 supersymmetric mechanics 

(N 
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described by real superfield actions were studied in Refs. [3, 4] respectively, and those 
in arbitrary D in Ref. [5]; in [6] Af = 4, D = 2 supersymmetric mechanics described by 
chiral superfield actions were considered. Let us mention also some recent papers on this 
subject [7]. The study of Af = 8 supersymmetric mechanics has been performed recently 
in Ref. [8]. 

On the other hand, not enough attention has been paid to systems with non-standard 
supersymmetry algebra, although they arise in many realistic situations. Some of the 
systems of that sort were extensively studied by M. Plyushchay [9]. A. Smilga studied the 
dynamical aspects of "weak supersymmetry" [10] on the simple example of the supersym- 
metric oscillator. He suggested in this case a nontrivial model of "weak supersymmetric" 
mechanics, related with quasi-exactly solvable models and the systems with nonlinear 
sup er symmet ry. 

In the present work we consider the supersymmetrization of a specific model of Hamil- 
tonian mechanics on Kahler manifold (M , g a idz a dz b ) interacting with constant magnetic 
field B, viz 

U = g a \ir a iT b + LJ 2 d a Kd b K), fi = dn a A dz a + dfr a A dz a + iBg ai dz a A dz\ (1) 

where K(z, z) is a Kahler potential of configuration space. 

Notice, that the Kahler potential is defined up to holomorphic and antiholomorphic 
terms, 

K(z,z) ^ K(z,z) + U(z) + U(z) , (2) 

while the Hamiltonian under consideration is not invariant under these transformations. 
For example, in the limit u — > it yields the Hamiltonian 

H = g*fan + d a U(z)8 b U(z)). (3) 

This Hamiltonian admits, in the absence of magnetic field, a Af = 4 superextension [12], 
in the spirit of Alvarez- Gaume-Freedman [11]. 

The suggested system could be viewed, in many cases, as a generalization of the 
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• The oscillator on C n = IR 2n , 

H = 7T7l + UJ 2 ZZ, (4) 

corresponding to the choice U = z a z a /2. The constants of motion defining the 
hidden symmetries of the system, could be represented as follows: 

/ a + 6 = Wb + U? Z a z\ I~ = 7+ I ab = 7T a 7T b + W W. (5) 

The symmetry algebra of the system is u(2n). Clearly, these constants of motion 
are functionally- dependent ones. 

• The oscillator on complex projective space CP 11 (for n > 1) [14], 

K = rl log(l + zz), H = g~ ab n a ir b + co 2 r 2 zz. (6) 

This system is also specified, in the absence of magnetic field, by the hidden sym- 
metry given by the constants of motion 

/+ j- 

J al = i(z b 7r a -ir b z a ), I al =^ +U ; 2 r 2 z a z b , (7) 

r o 

where J+ = n a + (zn)z a , J~ = J+ are the translation generators. 
These generators form the nonlinear (quadratic) algebra 

{Jab, Jed} = i&UdJbc ~ i^cbJad, {I a b, Jed} = ^cb^ad ~ ^ad^cb 

{lah hd} = i^ 2 5 ci J a d - iuJ 2 5 aJ J cb - + U cb {J ad - + Jo$ad)/rl - H a d(J c b + JoS cb )/r 2 ■ 

(8) 

• The oscillator on CP 2 could also be extended to the class of Kahler conifolds, defined 
by the Kahler potential [15] 

K = r 2 log(l ± (zzf) , =>■ H = g ab n a n b + LU 2 r 2 (zzf : (9) 

where v is a numerical parameter. Although the corresponding oscillator systems 
do not have hidden symmetry for v ^ 1, i.e. on non-constant curvature spaces, 
they remain exactly-solvable at both the classical [15] and the quantum [16] level. 
Moreover, for v — 2 the conic oscillator reduces to the Higgs oscillator on the three- 
dimensional sphere and pseudosphere interacting with a Dirac monopole field and 
some specific potential proportional to the squared monopole number. 

Notice also , that the Hamiltonian system under consideration, yields, in the "large mass 
limit", ir a — > 0, the following one, 

H = uj 2 g ab d a Kd b K, Vl = iBg ab dz a A dz b , 

which could be easily extended with M = 2 supersymmetry [13]. 

The supersymmetrization procedure follows closely the steps we performed in [14] for 
the oscillator on complex projective space. Next we will show that, although the sys- 
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including, as subalgebras, two copies of Af = 2 super algebras. This nonstandard superex- 
tension respects the inclusion of constant magnetic field. 

We follow the following strategy. At first, we extend the initial phase space to the a 
(2A^.2A^)c-dimensional superspace equipped with the symplectic structure 

= dir a A dz a + d,Tx a A dz a + i(Bg ab - + iR a i C( p]'^f]^)dz a A dz b + g a bDr]^ A Dfj a . (10) 

Here Dr)° = drf a + r b l c r]®dz a , a = 1,2, and T^ c , R a i cd - are, respectively, the connection 
and curvature of the Kahler structure. The corresponding Poisson brackets are defined 
by the following non-zero relations (and their complex-conjugates): 



{n a ,z b } = 5 b a , {n a , V b a } = -T b acV c a , 
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{7T a , 7t b } = i(Bg ah + iR a bcdV C aVt), {Va, Hp] = 9 

The symplectic structure (10) becomes canonical in the coordinates (p a ,X k ) 

Pa = n a - |d a g, XT = eTv! ■ 



(11) 



(12) 



Vscan = dp a A dz a + dp- a A dz~ a + iBg al dz a A dz b + d X ™ A d X ™, 

where e™ are the einbeins of the Kahler structure: e™b miix e™ = g a i. 
So, in order to quantize the system, one chooses 

Then, in order to construct the system with the exact Af = 2 supersymmetry 

{Q + , Q-} = W, {Q ± , Q ± } = {Q ± , H) = 0, (13) 

we shall search for the odd functions Q ± 1 which obey the equations {Q ± 1 Q ± } = (we 
restrict ourselves to the supersymmetric mechanics whose supercharges are linear in the 
Grassmann variables rjf, fjf ). In that case, the Poisson bracket {Q+,Q-} yields the 
M = 2 supersymmetric Hamiltonian. 

Let us search for the realization of supercharges among the functions 

Q± = cos A 9f + sinA 9f , (14) 

where 

et = K a ri a i+idaWfj a 2 , 9+ = ^ + ^^?, 0^ 2 = 0+ 2 , (15) 

and A is some parameter. 

Calculating the Poisson brackets of the functions, we get 

{Q ± ,Q ± }= i(B sm2\ + 2cu cos 2A)J r ±, (16) 
{Q+ i Q-}= H° SUSY + (5cos2A -2cjsin2A) ^ 3 /2. (17) 

Here and in the following, we use the notation 
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where H denotes the oscillator Hamiltonian (see the expression in (1)) and 

Fi = ^9abV a a n b ^(i) a -^ T± = T\± T 2 - (19) 

One has, then 

{Q ± ,Q ± } = 0^ B sin 2A + 2cj cos 2A = 0, (20) 

so that 

A = A + (a - 1)tt/2, a = 1,2. (21) 
Here the parameter A is defined by the expressions 

cos2A = . B ^ 2 sin2A = = (22) 

yfu 2 + (5/2) 2 y/u 2 + (5/2) 2 

Hence, we get the following supercharges: 

Qt = cosA 9f + (-l) Q smA e± (23) 

and the pair of Af = 2 supersymmetric Hamiltonians 

WW = Qa} = n° SUSY - (-ir^ 2 + (5/2)2^3 (24) 

Notice that the supersymmetry invariance is preserved in the presence of the constant 
magnetic field. 

Calculating the commutators of Qf and Qf we get 



{Qf, Qf} = 2y/u* + {B/2) 2 T ± , {Qt, g 2 " } = 0, (25) 

where the Poisson brackets between T±, and Qt look as follows: 

{Q^±}=0, {Qt,J r T } = ±e aP Q^ {Q±,K} = ±iQt. (26) 

The whole superalgebra reads 

{Qt, Qj} = 2Ae a(S T ± , {Qt, QJ} = 5 a pH° SUSY - Ko%F z , 
{Qt,F±} = V, {Qt,^} = ±e a pQ% {Qt,Fz} = ±iQt, (27) 
{F±, J>} = iF 3 , {^i, ^3} = ±i^± • 

where 

A = y/u 2 + (5/2) 2 . (28) 
Let us notice the u> and 5 appear in this superalgebra in a symmetric way, via the factor 
V^ 2 + (B/2) 2 - 

This superalgebra could be represented in a bit more convenient form, if introduce 

St = Qf, Sf = Qf. (29) 

In this notation, it reads 



All other commutators vanish. 



This is precisely the weak supersymmetry algebra considered by A. Smilga [10]. In 
the particular case u — it yields the Af = 4 supersymmetric mechanics broken by a 
constant magnetic field. 

Remark 1. In the case of the oscillator on C n we can smoothly relate the above 
supersymmetric oscillator with a N = 4 oscillator, if choose 

K = cos7 22 + sin 7 (z 2 + z 2 )/2 , 7e[0,7r/2]. (31) 

Hence, 

H = 7T7T + lUqZz + sin 27 u 2 (z 2 + z 2 )/2 , (32) 

i.e. for 7 = 0,7r/2 we have a standard harmonic oscillator, while for 7 7^ 0,7r/2 we get 
the anisotropic one, which is equivalent to two sets of n one-dimensional oscillators with 
frequencies ± sin 27. The frequency 00 appearing in the superalgebra, is of the form: 

UJ = u cos 7. 

Remark 2. In a similar way, we can consider the supersymmetrization of the two- 
dimensional noncommutative oscillator in the constant magnetic field [17]. For this pur- 
pose, we define the Poisson brackets [18] 

{ir,z} = l, {z,z}=i6, {n,TT} = iB, {r} a ,fjp} = 5 af3 (33) 

and choose the following supercharges: 

= nr]a + ieapzfjf), S~ = S+. (34) 

Calculating the Poisson brackets, we get the same superalgebra as above, with the fol- 
lowing Hamiltonian and A parameter: 

Ti-susY = + uj 2 zz — icur)ir)2 + iufji^ H — (B + 9u 2 )rj a f] a , A = B — Quj 2 . (35) 
Hence, the exact Af = 4 supersymmetry is realized only under the choice of the parameter 

A = B = 9u 2 . (36) 

This is not surprising, since under this choice of A the underlying system is equivalent to 
the isotropic oscillator [17]. 
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